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Abstract
Frames are useful in dealing with resolvable designs such as resolvable balanced incomplete block
designs and triplewhist tournaments. Z-cyclic triplewhist tournament frames are also useful in the con-
structions of Z-cyclic triplewhist tournaments. In this paper, the concept of an (h1, h2, . . . , hn;u)-regular
Z-cyclic triplewhist tournament frame is defined, and used to establish several quite general recursive con-
structions for Z-cyclic triplewhist tournaments. As corollaries, we are able to unify many known construc-
tions for Z-cyclic triplewhist tournaments. As an application, some new Z-cyclic triplewhist tournament
frames and Z-cyclic triplewhist tournaments are obtained. The known existence results of such designs are
then extended.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
A whist tournament on v players is a particular type of (v,4,3) (near) resolvable BIBD. Each
block, (a, b, c, d), of the BIBD is called a whist game and represents the fact that the partnership
{a, c} opposes the partnership {b, d}. The design is subject to the “whist” conditions that every
player partners every other player exactly once and opposes every other player exactly twice.
A whist tournament on v players is denoted by Wh(v). Each (near) resolution class of the design
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[39] in 1896. It has been known since the 1970s that Wh(v) exist for all v ≡ 0,1 (mod 4). For
general information on whist tournaments see the survey paper of Anderson [7].
Theorem 1.1. [6] If v ≡ 0 or 1 (mod 4), then there exists a Wh(v).
In a whist game (a, b, c, d) the opponent pairs {a, b}, {c, d} are called opponents of the first
kind and the opponent pairs {a, d}, {b, c} are called opponents of the second kind. A triplewhist
tournament on v players, TWh(v), is a whist tournament with the property that every player
opposes every other player exactly once as an opponent of the first kind and exactly once as an
opponent of the second kind. E.H. Moore [39], in his classic paper “Tactical Memoranda I–III,”
introduced the triplewhist specialization. Triplewhist tournament designs can be considered as
resolvable edge-colored BIB designs (see [22]). For a long time there was no progress until
Baker [12] proved in 1975 that a TWh(v) exists for v = 4,8,16,24 and for all large v, v ≡
1 (mod 4) and v ≡ 0,4,12 (mod 16). In 1997, much progress was made by Lu and Zhu in [37].
Recent improvements were made by Ge and Zhu in [34], Ge and Lam [32] and Abel and Ge [5].
We summarize the known results for TWh(v) in the following theorem.
Theorem 1.2. [5] A TWh(v) exists if and only if v ≡ 0 or 1 (mod 4) is a positive integer, except
for v = 5,9,12,13 and possibly excepting v = 17.
A whist design is said to be Z-cyclic if the players are elements in Zm ∪ A where m = v,
A = ∅ when v ≡ 1 (mod 4) and m = v − 1, A = {∞} when v ≡ 0 (mod 4), and it is further
required that the rounds also be cyclic in the sense that the rounds can be labeled, say, R1,R2, . . .
in such a way that Rj+1 is obtained by adding +1 (mod m) to every element in Rj . When ∞
is present, one has the convention that ∞ + 1 = ∞. Consequently, Z-cyclic whist tournaments
are such that the entire tournament can be represented by a single (near) resolution class. This
representative (near) resolution class is typically called the initial round of the tournament, and
conventionally, in the near resolvable case, misses player 0. Symmetric differences [6] provide
a useful tool for the determination of whether or not a collection of games serves as the initial
round of a Z-cyclic whist design.
Although considerable progress has been made in the last decade or so, much less is known
about the existence of Z-cyclic triplewhist whist tournaments, despite the effort of many au-
thors, for example, Abel, Finizio, Ge and Greig [3], Abel and Ge [5], Anderson and Finizio
[8,9], Anderson, Finizio and Leonard [10], Attinger and Leonard [11], Buratti [16], Buratti
and Zuanni [17], Costa and Finizio [19], Finizio [24–26], Finizio and Merritt [27–29], Ge and
Lam [32], Ge and Ling [33], Ge and Zhu [34] and Liaw [36]. The following results are known.
Theorem 1.3. [5] If v ≡ 0 or 1 (mod 4), v /∈ {5,9,12,13,17} and v  133, then there exists a
Z-cyclic TWh(v).
Theorem 1.4. [3] If p ∈ {7,11,19,23,31,43,47,59,67,71,79,83}, then there exists a Z-cyclic
TWh(p2).
Theorem 1.5. [33,35] There exists a Z-cyclic TWh(3v + 1) if v is a product of integers from the
set T , T = P ∪Q ∪ {21,77, 81,133,161,301,341,581,721,781,1141}, where P consists of
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and q is a prime ≡ 3 (mod 4).
Theorem 1.6. [5] There exists a Z-cyclic TWh(v) whenever v is a product of integers from
the set T ∗, where T ∗ contains 21,25,33,45,57,65,69,77,85,93,117,129,133,132, plus
all values of the form p2 with p a prime ≡ 3 (mod 4) between 6 and 84, and all primes ≡
1 (mod 4) > 17. If v does contain 21,33,45,57,69,81,93,117 or 129 as a factor, then v can
contain any integer from T (the same set as in Theorem 1.5) as its factor too. If there exists a Z-
cyclic TWh(v) constructed as above, then there is also a Z-cyclic TWh(qv+ 1) for any q  131
with q ≡ 3 (mod 4), except possibly q = 3,11,87 or 111.
The concept of frames has been very useful in dealing with resolvable balanced incomplete
block designs (RBIBDs, see [31]) since Stinson [40] first defined frames in 1986. Triplewhist
tournament frames were defined by Lu and Zhu in [37] and played an important role in ob-
taining an almost complete result for the existence of triplewhist tournament designs. Z-cyclic
triplewhist tournament frames were introduced by Ge and Zhu in [34] and shown useful in the
constructions of Z-cyclic triplewhist tournaments.
Suppose S is a set of players andH= {S1, S2, . . . , Sn} is a set of subsets which form a partition
of S. Let si = |Si | and v = |S|. Suppose v − si ≡ 0 (mod 4) for any i,1 i  n. A holey round
with hole Si is a set of games (a, b, c, d) which partition the set S −Si . A triplewhist tournament
frame (briefly TWh-frame) of type (s1, s2, . . . , sn) is a schedule of games (a, b, c, d), where the
unordered pairs {a, c}, {b, d} are called partners, the pairs {a, b}, {c, d} opponents of the first
kind, and the pairs {a, d}, {b, c} opponents of the second kind, such that
(1) the games are arranged into holey rounds, there are si holey rounds with hole Si each con-
taining (v − si)/4 games;
(2) each player in hole Si plays in exactly one game in all but si holey rounds;
(3) each player partners every other player in distinct holes exactly once;
(4) each player has every other player in distinct holes as an opponent of the first kind exactly
once, and that of the second kind exactly once.
We shall use an “exponential” notation to describe types: so type tu11 · · · tumm denotes ui oc-
currences of ti , 1  i  m, in the multiset {s1, s2, . . . , sn}. If s1 = · · · = sn = s, we say that the
TWh-frame has a uniform type sn and we denote it by TWh-frame(sn). When v ≡ 1 (mod 4),
a TWh-frame of type 1v is just a triplewhist tournament of order v.
Suppose S = Zv , v = hn and Zv has a subgroup H of order h. Suppose a TWh-frame(hn) has
a special round (called round 0), whose elements form a partition of the set S \H , such that round
j + 1 can be obtained from round j by adding 1 (mod v) to each element. Such a TWh-frame is
called Z-cyclic. The round 0 is called an initial round.
In this paper, we will define a general concept of Z-cyclic triplewhist tournament frames and
use it to describe several quite general recursive constructions concerning Z-cyclic triplewhist
tournaments. As corollaries, we are able to unify many known constructions for Z-cyclic triple-
whist tournaments. As an application, some new Z-cyclic triplewhist tournament frames and
Z-cyclic triplewhist tournaments are obtained. The known existence results of such designs are
then extended.
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A natural generalization of the concept of Z-cyclic TWh-frames is obtained by allowing sev-
eral subgroups of Zv as the missing holes in the initial holey round. A similar concept called
double group divisible designs (DGDDs) has been proved useful in the constructions of group
divisible designs (GDDs). For more detailed information on some of these related combinatorial
structures, the reader is referred to [18,38,41].
Let H1,H2, . . . ,Hn and H be (n + 1) distinct additive subgroups of Zv whose orders are
h1, h2, . . . , hn, and u, respectively, such that Hi ∩Hj = H for any integers i and j satisfying 1
i < j  n. Suppose that v −∑ni=1 hi + (n − 1)u ≡ 0 (mod 4) and let r = v−∑ni=1 hi+(n−1)u4 . An
(h1, h2, . . . , hn;u)-regular Z-cyclic triplewhist tournament frame (briefly (h1, h2, . . . , hn;u)-
regular Z-cyclic TWh-frame) on v players is a schedule of games which are generated from an
initial holey round composed of games (ai, bi, ci, di), 1 i  r , such that
(1) ⋃ri=1{ai, bi, ci, di} = Zv \ (⋃ni=1 Hi);
(2) ⋃ri=1{±(ai − bi),±(ci − di)} = Zv \ (⋃ni=1 Hi);
(3) ⋃ri=1{±(ai − ci),±(bi − di)} = Zv \ (⋃ni=1 Hi);
(4) ⋃ri=1{±(ai − di),±(bi − ci)} = Zv \ (⋃ni=1 Hi).
All subtractions here are reduced modulo v. When u = 1, we drop the parameter u and write
(h1, h2, . . . , hn;u)-regular as (h1, h2, . . . , hn)-regular. When n = 1, an (h1;u)-regular Z-cyclic
TWh-frame is just a Z-cyclic TWh-frame in the normal sense.
Example 2.1. A (5,9)-regular Z-cyclic TWh-frame, based on Z45, has an initial round formed
by the following games:
(3,4,2,6), (32,29,8,16), (17,11,23,34), (1,14,13,42),
(26,43,37,39), (38,31,12,24), (7,28,21,44), (19,33,22,41).
The initial round partitions Z45 \ ({0,5,10,15,20,25,30,35,40} ∪ {0,9,18,27,36}).
Example 2.2. A (15,21;3)-regular Z-cyclic TWh-frame, based on Z105, has an initial round
obtained by multiplying the following games with 1,16,46:
(17,26,8,69), (29,86,73,97), (102,79,76,78),
(51,67,83,94), (27,9,3,46), (43,2,66,104).
The initial round partitions Z105 \ ({0,5,10, . . . ,100} ∪ {0,7,14, . . . ,98}).
Construction 2.3. Let t and n be integers satisfying 1  t  n. Suppose that there exists an
(h1, h2, . . . , hn;u)-regular Z-cyclic TWh-frame on Zv and a Z-cyclic TWh-frame(u
hi
u ) for
1 i  t . If t  n − 1, then there exists an (ht+1, ht+2, . . . , hn;u)-regular Z-cyclic TWh-frame
on Zv . Furthermore, if t = n, then there exists a Z-cyclic TWh-frame(u vu ).
Proof. Let R0 be the initial round of the (h1, h2, . . . , hn;u)-regular Z-cyclic TWh-frame and Ri
be the initial round of the Z-cyclic TWh-frame(u
hi
u ) for 1  i  t . It is well known in algebra
that any cyclic finite group contains one and only one subgroup of order f for every positive
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·Zhi is isomorphic to Zhi . Replace
each element x in Ri by ( vhi )x and denote the set of games by R
∗
i . When t  n − 1, it is easy to
see that (
⋃t
i=1 R∗i )∪R0 is an initial round of the desired (ht+1, ht+2, . . . , hn;u)-regular Z-cyclic
TWh-frame on Zv . When t = n, it is also easy to see that (⋃ni=1 R∗i ) ∪ R0 is an initial round of
the desired Z-cyclic TWh-frame(u
v
u ). 
Taking n = t = 1 in Construction 2.3, we obtain the following corollary.
Corollary 2.4. [34, Lemma 2.2] Suppose there are both a Z-cyclic TWh-frame(h vh ) and a Z-
cyclic TWh-frame(u
h
u ). Then there exists a Z-cyclic TWh-frame(u
v
u ).
Taking u = 1 in Corollary 2.4, we obtain the frame construction for Z-cyclic triplewhist tour-
naments using Z-cyclic TWh-frames.
Corollary 2.5. [34, Lemma 2.3] Suppose there are both a Z-cyclic TWh-frame(h vh ) and a Z-
cyclic TWh(h) for h ≡ 1 (mod 4). Then there exists a Z-cyclic TWh(v).
Construction 2.6. Let hn ≡ 3 (mod 4). Suppose that there exists an (h1, h2, . . . , hn;u)-regular
Z-cyclic TWh-frame on Zv and a Z-cyclic TWh-frame(u
hi
u ) for 1 i  n − 1. If there exists a
Z-cyclic TWh(hn + 1), then there exists a Z-cyclic TWh(v + 1).
Proof. The proof is similar to that of Construction 2.3. Let R0 be the initial round of the
given (h1, h2, . . . , hn;u)-regular Z-cyclic TWh-frame, Ri be the initial round of the Z-cyclic
TWh-frame(u
hi
u ) for 1  i  n − 1, and R∞ be the initial round of the Z-cyclic
TWh(hn + 1). For any integer i,1  i  n − 1, replace each element x in Ri by ( vhi )x and
denote the set of games by R∗i . In R∞, leave ∞ unchanged and replace every other element x
by ( v
hn
)x and denote the set of games by R∗∞. It is easy to see that (
⋃n−1
i=1 R∗i ) ∪ R0 ∪ R∗∞ is an
initial round of the desired Z-cyclic TWh(v + 1). 
Taking n = 1 in Construction 2.6, we obtain the following corollary.
Corollary 2.7. [34, Lemma 2.4] Suppose there are both a Z-cyclic TWh-frame(hn) and a Z-
cyclic TWh(h + 1) for h ≡ 3 (mod 4). Then there exists a Z-cyclic TWh(hn + 1).
3. Constructions using difference matrices
To introduce our constructions, we need the following definition of a special kind of (cyclic)
difference matrix. For detailed information, see [20].
Let G be an abelian group of order g. A difference matrix based on G, denoted (g, k;1)-DM,
is a k × g matrix A = [aij ], aij in G, such that for r 	= s the differences arj − asj , 1  j  g,
comprise all the elements of G. If G = Zg , the difference matrix is called cyclic and denoted
by (g, k;1)-CDM. If the elements of each row comprise all the elements of Zg , we speak of a
homogeneous (g, k;1)-CDM.
It is easy to see that if a (g, k;1)-CDM contains a row with all elements 0, then the remain-
ing rows form a homogeneous (g, k − 1;1)-CDM and vice versa. For homogeneous (g,4;1)-
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(h1, h2, . . . , hn;u)-regular Z-cyclic TWh-frames, we have the following inflation construction.
Construction 3.1. Suppose there exists an (h1, h2, . . . , hn;u)-regular Z-cyclic TWh-frame
on Zv . If there is also a homogeneous (g,4;1)-CDM, then there exists a (gh1, gh2, . . . ,
ghn;gu)-regular Z-cyclic TWh-frame on Zgv .
Proof. Let A = (aij ) be a homogeneous (g,4;1)-CDM. For each initial round game (a, b, c, d)
of the (h1, h2, . . . , hn;u)-regular Z-cyclic TWh-frame on Zv , construct games (a + va1j , b +
va2j , c + va3j , d + va4j ), 1  j  g. All these games form an initial round of the desired
(gh1, gh2, . . . , ghn;gu)-regular Z-cyclic TWh-frame on Zgv . 
Taking n = 1 in Construction 3.1, we obtain the following corollary.
Corollary 3.2. [34, Lemma 3.2] Suppose there exists a Z-cyclic TWh-frame(hn). If there is also
a homogeneous (g,4;1)-CDM, then there exists a Z-cyclic TWh-frame((gh)n).
As an immediate consequence of Constructions 2.3 and 3.1, we obtain our first general con-
struction concerning Z-cyclic TWh-frames and Z-cyclic triplewhist tournaments.
Theorem 3.3. Suppose that the following exist:
(1) an (h1, h2, . . . , hn;u)-regular Z-cyclic TWh-frame on Zv ;
(2) a homogeneous (g,4;1)-CDM;
(3) a Z-cyclic TWh-frame((gu) hiu ) for 1 i  n − 1.
Then there exists a Z-cyclic TWh-frame((ghn)
v
hn ). Moreover, a Z-cyclic TWh(gv) exists if a
Z-cyclic TWh(ghn) exists.
The following lemma comes from [10, Lemma 2.1].
Lemma 3.4. If v ≡ 1 (mod 4) and a Z-cyclic TWh(v) exists, then a homogeneous (v,4;1)-CDM
exists.
Taking n = 1 and h1 = 1 in Theorem 3.3 and combining Lemma 3.4, we obtain the following
product construction.
Corollary 3.5. [10, Theorem 3.2] If u and v are both ≡ 1 (mod 4), then the existence of a
Z-cyclic TWh(u) and a Z-cyclic TWh(v) implies the existence of a Z-cyclic TWh(uv).
As an immediate consequence of Constructions 2.6 and 3.1, we obtain our second general
construction concerning Z-cyclic triplewhist tournaments.
Theorem 3.6. Let g,hn be integers such that ghn ≡ 3 (mod 4). Suppose that the following exist:
(1) an (h1, h2, . . . , hn;u)-regular Z-cyclic TWh-frame on Zv ;
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(3) a Z-cyclic TWh-frame((gu) hiu ) for 1 i  n − 1;
(4) a Z-cyclic TWh(ghn + 1).
Then there exists a Z-cyclic TWh(gv + 1).
Taking n = 1 and h1 = 1 in Theorem 3.6, we obtain another product construction.
Corollary 3.7. [10, Theorem 3.3] Suppose there exists a Z-cyclic TWh(v) for v ≡ 1 (mod 4).
Suppose also there exist both a Z-cyclic TWh(q + 1) and a homogeneous (q,4;1)-CDM for
q ≡ 3 (mod 4). Then there exists a Z-cyclic TWh(qv + 1).
Before closing this section, we give two more recursive constructions for Z-cyclic TWh-
frames by using homogeneous holey difference matrices over Zg . We need the following concept.
Let G be an abelian group of order g and S be a subgroup of order s in G. A holey difference
matrix based on G and its subgroup S, denoted (g, s, k;1)-HDM, is a k × (g − s) matrix A =
[aij ], aij in G, such that for r 	= t the differences arj − atj , 1  j  g − s, comprise all the
elements of G \ S. When S = ∅, a (g, s, k;1)-HDM is just a (g, k;1)-DM.
If G = Zg , the holey difference matrix is called cyclic and denoted by (g, s, k;1)-CHDM.
If the elements of each row comprise all the elements of G \ S, we speak of a homogeneous
(g, s, k;1)-CHDM. It is easy to see that if a (g, s, k;1)-CHDM contains a row with all elements
0, then the remaining rows form a homogeneous (g, s, k − 1;1)-CHDM and vice versa. For
homogeneous (g, s, k;1)-CHDMs, the existence results can be found in [1] and the references
therein. Now, we are in a position to state our recursive constructions for (h1, h2, . . . , hn;u)-
regular Z-cyclic TWh-frames.
Construction 3.8. Let v and g be two positive integers such that gcd(v, g) = 1. Suppose there
exist:
(1) an (h1, h2, . . . , hn;u)-regular Z-cyclic TWh-frame on Zv ;
(2) a homogeneous (g, s,4;1)-CHDM on Zg ;
(3) an (sh1, sh2, . . . , shn; su)-regular Z-cyclic TWh-frame on Zsv .
Then there exists a (gh1, gh2, . . . , ghn;gu)-regular Z-cyclic TWh-frame on Zgv .
Proof. Let A = (aij ) be a homogeneous (g, s,4;1)-CDM. For each initial round game
(a, b, c, d) of the (h1, h2, . . . , hn;u)-regular Z-cyclic TWh-frame on Zv , construct games:(
(a, a1j ), (b, a2j ), (c, a3j ), (d, a4j )
)
, 1 j  g − s.
Denote the set of these games by R1. Let R2 be the initial round of the (sh1, sh2, . . . , shn; su)-
regular Z-cyclic TWh-frame on Zsv . Since gcd(v, g) = 1, Zg × Zv is isomorphic to Zgv and
Zs × Zv is isomorphic to Zsv . It is readily checked that R1 ∪ R2 forms an initial round of the
desired (gh1, gh2, . . . , ghn;gu)-regular Z-cyclic TWh-frame on Zgv . 
With a similar proof to that of Construction 3.8, we have the following construction.
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Suppose there exist:
(1) a Z-cyclic TWh-frame(h vh ) on Zv ;
(2) a homogeneous (g, s,4;1)-CHDM on Zg .
Then there exists an (sv, gh; sh)-regular Z-cyclic TWh-frame on Zgv .
4. A recursive construction for (h1,h2, . . . ,hn;u)-regular Z-cyclic TWh-frames
To show our construction, we need the following concepts. For more detailed information on
some of these related combinatorial structures, the reader is referred to [14,21].
A group divisible design (GDD) is a triple (X,G,B) which satisfies the following properties:
(1) G is a partition of a set X (of points) into subsets called groups,
(2) B is a set of subsets of X (called blocks) such that a group and a block contain at most one
common point,
(3) every pair of points from distinct groups occurs in a unique block.
The group-type (or type) of the GDD is the multiset {|G|: G ∈ G}. Similar to TWh-frames, we
usually use an “exponential” notation to describe group-type. A GDD (X,G,B) will be referred
to as a K-GDD if |B| ∈ K for every block B in B. When K = {k}, we simply write k for K .
A balanced incomplete block design (BIBD) with parameters (v, k,1) is just a k-GDD of type 1v .
Consider a GDD (X,G,B). Let σ be a permutation on X. For any subset S =
{x1, . . . , xk} ⊆ X, define σ(S) = {σ(x1), . . . , σ (xk)}. If σ(G) = {σ(G): G ∈ G} = G and
σ(B) = {σ(B): B ∈ B} = B, then σ is called an automorphism of the GDD. Any automor-
phism σ partitions B into equivalence classes called the orbits of B under σ . An arbitrary set of
representatives for these orbits of B is called a set of base blocks of the GDD. A GDD is said
to be cyclic if it admits an automorphism consisting of a single cycle of length v = |X|. In this
case, we can identify X with Zv and take σ : i → i + 1 (mod v). We use notation K-CGDD to
denote a cyclic GDD in which each of its block orbits under the automorphism contains exactly v
distinct blocks. To generate a K-CGDD, we may employ the notion of a holey difference family.
Let G be a cyclic group of order v and H be its subgroup of order h. Let K be a set of
integers such that if k ∈ K then k  2. A holey difference family or an HDF over (G;H), denoted
(K,v;h)-HDF, is defined to be a family F of subsets (called base blocks) of G such that for any
B ∈F , |B| ∈ K , the difference list
F = {a − b: a, b ∈ B, a 	= b, B ∈F}
contains each element of G \ H exactly once, while any element of H does not appear in F ,
or equivalently,
F = G \ H.
Hence, H is a hole. When K = {k}, we often omit the braces and write k for K . A (k, v;h)-HDF
is also named as a (v,h, k,1) relative difference family (see, for example, [15]). If h = 1 or k, it
is just the well-known (v, k,1) difference family which generates a balanced incomplete block
design.
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subgroups of Zv as the missing holes.
Let H1,H2, . . . ,Hn and H be (n+ 1) mutually distinct additive subgroups of G = Zv whose
orders are h1, h2, . . . , hn and u, respectively, such that Hi ∩ Hj = H for any integers i and j
satisfying 1  i < j  n. Let K be a set of integers such that if k ∈ K then k  2. A holey
difference family or an HDF over (G;H1,H2, . . . ,Hn;H), denoted (K,v;h1, h2, . . . , hn;u)-
HDF, is defined to be a family F of subsets (called base blocks) of G such that for any B ∈ F ,
|B| ∈ K , and the difference list
F = {a − b: a, b ∈ B, a 	= b, B ∈F}
contains each element of G \ (⋃ni=1 Hi) exactly once, while any element of ⋃ni=1 Hi does not
appear in F , or equivalently,
F = G
∖( n⋃
i=1
Hi
)
.
Hence, each Hi (1 i  n) is a hole. We will simply refer to a (K,v;h1, h2, . . . , hn;u)-HDF as
a (K,v;h1, h2, . . . , hn)-HDF when u = 1. When n = 1, a (K,v;h1;u)-HDF is just a (K,v;h1)-
HDF as above. When K = {k}, we often omit the braces and write k for K .
Example 4.1. Let H1 = {0,9,18, . . . ,90}, H2 = {0,11,22, . . . ,88} and H = {0}. Then the fol-
lowing base blocks form a (5,99;11,9)-HDF over (Z99;H1,H2;H):
{0,52,67,80,87}, {0,6,16,30,56}, {0,3,37,41,42}, {0,2,23,31,48}.
Example 4.2. Let H1 = {0,13,26, . . . ,130}, H2 = {0,11,22, . . . ,132} and H = {0}. Then the
following base blocks form a (5,143;11,13)-HDF over (Z143;H1,H2;H):
{0,12,57,118,127}, {0,3,7,21,79}, {0,31,51,93,120},
{0,46,109,114,133}, {0,1,41,49,84}, {0,2,17,107,113}.
Example 4.3. Let H1 = {0,11,22, . . . ,154}, H2 = {0,5,10, . . . ,160} and H = {0,55,110}.
Then the following base blocks form a (5,165;15,33;3)-HDF over (Z165;H1,H2;H):
{0,63,106,134,147}, {0,6,42,58,109}, {0,117,119,126,138},
{0,54,127,128,151}, {0,26,104,108,157}, {0,3,32,79,96}.
Given positive integers n and h, let In = {1,2, . . . , n} and S = In × Zh. The elements of S
are denoted by (a, b). Suppose a TWh-frame(hn) has n special rounds R1,Rh+1, . . . ,R(n−1)h+1,
whose elements form a partition of the sets S \ ({1} × Zh),S \ ({2} × Zh), . . . , S \ ({n} × Zh),
respectively, such that round ih+ j + 1 can be obtained from round ih+ j by adding 1 (mod h)
to the second component of each element, where i ∈ {0,1, . . . , n − 1} and j ∈ {1,2, . . . , h − 1}.
Such a TWh-frame is called group cyclic. The rounds R1,Rh+1, . . . ,R(n−1)h+1 are called initial
rounds. It is easy to see that a Z-cyclic TWh-frame is also a group cyclic TWh-frame.
Construction 4.4. Suppose that there exists a (K,v;h1, h2, . . . , hn;u)-HDF. If there exists a
group cyclic TWh-frame(hk) for each k ∈ K , then there exists an (h1h,h2h, . . . , hnh;uh)-
regular Z-cyclic TWh-frame on Zvh.
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HDF over (G;H1,H2, . . . ,Hn;H), in which Hi ∩ Hj = H for any integers i and j satisfying
1  i < j  n. By definition, Hi (1 i  n) has order hi , and hence must be generated by the
integer v
hi
in Zv . Similarly, H must be generated by the integer vu in Zv . Thus, the least common
multiple of v
hi
and v
hj
(1 i < j  n) is v
u
.
Let G¯ = Zvh. For 1  i  n, let H¯i = {d + v · Zh: d ∈ Hi}, which is the additive subgroup
generated by the integer v
hi
in Zvh. Let H¯ = {d + v ·Zh: d ∈ H }, which is the additive subgroup
generated by the integer v
u
in Zvh. Then, we have H¯i ∩H¯j = H¯ for any integers i and j satisfying
1 i < j  n, since the least common multiple of v
hi
and v
hj
is v
u
.
For each base block B = {b1, b2, . . . , bk} of F , by hypothesis, we have a group cyclic
TWh-frame(hk) on B × Zh with initial rounds Rb1(B),Rb2(B), . . . ,Rbk (B), whose elements
form a partition of the sets (B \ {b1}) × Zh, (B \ {b2}) × Zh, . . . , (B \ {bk}) × Zh, respec-
tively. Now, we construct a family Abi (B) of starter games by replacing each element (bx, y)
of all the games of initial round Rbi (B) by (bx − bi) + yv (mod vh), where bi, bx ∈ B
and y ∈ Zh. In this way, as B ranges over F and bi ranges over B , we obtain a family
A = ⋃B∈F ,bi∈B Abi (B) of starter games. It is readily checked that A is an initial round of
the desired (h1h,h2h, . . . , hnh;uh)-regular Z-cyclic TWh-frame over (G¯; H¯1, H¯2, . . . , H¯n; H¯ ),
noting that every nonzero integer z of Zvh \ (⋃ni=1 H¯i) can be written uniquely as z = q · v + r
such that 0 q  h − 1 and 1 r  v − 1. 
Since a Z-cyclic TWh-frame(hk) is also a group cyclic TWh-frame(hk), we have the follow-
ing corollary.
Corollary 4.5. Suppose that there exists a (K,v;h1, h2, . . . , hn;u)-HDF. If there exists a Z-
cyclic TWh-frame(hk) for each k ∈ K , then there exists an (h1h,h2h, . . . , hnh;uh)-regular Z-
cyclic TWh-frame on Zvh.
Taking n = 1 in Construction 4.4, we obtain the following corollary.
Corollary 4.6. [33, Construction 2.2] Suppose that there exists a K-CGDD of type gn.
If there exists a group cyclic TWh-frame(hk) for each k ∈ K , then there exists a Z-cyclic
TWh-frame((hg)n).
Taking n = 1 in Corollary 4.5, we obtain the following corollary.
Corollary 4.7. [33, Corollary 2.3] Suppose that there exists a K-CGDD of type gn. If there exists
a Z-cyclic TWh-frame(hk) for each k ∈ K , then there exists a Z-cyclic TWh-frame((hg)n).
As an immediate consequence of Constructions 2.3, 3.1 and 4.4, we obtain our third general
construction of Z-cyclic TWh-frames and Z-cyclic triplewhist tournaments.
Theorem 4.8. Suppose that the following exist:
(1) a (K,v;h1, h2, . . . , hn;u)-HDF;
(2) a group cyclic TWh-frame(hk) for each k ∈ K ;
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(4) a Z-cyclic TWh-frame((ghu) hiu ) for 1 i  n − 1.
Then there exists a Z-cyclic TWh-frame((ghhn)
v
hn ). Moreover, a Z-cyclic TWh(ghv) exists if a
Z-cyclic TWh(ghhn) exists.
As an immediate consequence of Constructions 2.6, 3.1 and 4.4, we obtain our fourth general
construction of Z-cyclic triplewhist tournaments.
Theorem 4.9. Let g,h,hn be integers such that ghhn ≡ 3 (mod 4). Suppose that the following
exist:
(1) a (K,v;h1, h2, . . . , hn;u)-HDF;
(2) a group cyclic TWh-frame(hk) for each k ∈ K ;
(3) a homogeneous (g,4;1)-CDM;
(4) a Z-cyclic TWh-frame((ghu) hiu ) for 1 i  n − 1;
(5) a Z-cyclic TWh(ghhn + 1).
Then there exists a Z-cyclic TWh(ghv + 1).
5. Applications
In this section, we will employ the general construction methods described in the previous
sections to obtain some new Z-cyclic triplewhist tournaments. To do this we require a few pre-
liminary results as ingredients.
Lemma 5.1. [30] Let w be a positive integer whose prime factors are all congruent to 1 modulo k.
Then there exists a (k, kw;w,k)-HDF.
A Wh(v) is called an ordered Wh(v), denoted by OWh(v), if the partner pairs in each game
can be ordered as the first kind (say, North–South) and the second kind (say, East–West) such
that for any two players x and y and for the two games containing x and y as opponent pairs, x
appears once in the first kind partner pair and once in the second kind partner pair, and so does y.
Equivalently, each opponent must be played once when playing North–South, and once when
playing East–West.
In an OWh(v), we may write its games as (a, b, c, d) where {a, c} is the first kind partner
pair and {b, d} is the second kind partner pair. Then the opponent pairs become ordered pairs
(a, b), (a, d), (c, b) and (c, d). What an OWh(v) design requires is that in a Wh(v) every ordered
pair (x, y) appears once as the ordered opponent pair. Necessarily, the number of games a player
plays (i.e., v − 1) must be even. Abel, Costa and Finizio have shown that OWh(4n+ 1) exist for
all n 1 [2].
Lemma 5.2. For any v  5, v ≡ 1 (mod 4), there exists a group cyclic TWh-frame(3v).
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plies that of a TWh-frame(3v). The conclusion then follows up to a simple observation of their
construction method. 
Example 5.3. Let v = 4n + 1 be a power of a prime. Then if θ is a primitive element of
GF(v), the games (θ i, θn+i , θ2n+i , θ3n+i ), 0  i  n − 1, form the initial round games of an
OWh(4n + 1). According to Lemma 5.2, the desired group cyclic TWh-frame(3v) is based on
GF(v) × Z3 with the following games as one of the initial rounds:((
θi,0
)
,
(
θn+i ,1
)
,
(
θ2n+i ,0
)
,
(
θ3n+i ,1
))
,((
θi,1
)
,
(
θ2n+i ,1
)
,
(
θ3n+i ,2
)
,
(
θn+i ,2
))
,((
θi,2
)
,
(
θ3n+i ,0
)
,
(
θn+i ,0
)
,
(
θ2n+i ,2
))
, 0 i  n − 1.
Translate the first components of the above games over GF(v) to obtain initial rounds missing
other holes.
Now, we are in a position to establish the following existence results for Z-cyclic TWh-frames
and Z-cyclic triplewhist tournaments by means of Construction 4.4.
Theorem 5.4. For each prime q ≡ 19 (mod 36) such that 19 q < 500, there exists a Z-cyclic
TWh-frame(27q2). Further, there exists also a Z-cyclic TWh(27 · q2 + 1).
Proof. First, we have a (9,9q2;q2,9)-HDF by Lemma 5.1. Apply Construction 4.4 with h = 3
to obtain a (27,3q2;3)-regular Z-cyclic TWh-frame on Z27q2 . Here, we need a group cyclic
TWh-frame(39) as the input design, which comes from Example 5.3. Further, applying Con-
struction 2.3 with a Z-cyclic TWh-frame(3q2) from [34, Theorem 4.6] to fill in holes gives a
Z-cyclic TWh-frame(27q2) as desired. Finally, applying Corollary 2.7 with a Z-cyclic TWh(28)
from Theorem 1.3 gives the desired Z-cyclic TWh(27 · q2 + 1). 
6. Concluding remarks
Ever since the existence of whist tournaments was completely settled, the focus has turned
to whist tournaments with additional properties. Such special whist tournaments include at least
triplewhist tournaments, directedwhist tournaments [12], ordered whist tournaments [2], whist
tournaments with Z-cyclicity, and whist tournaments with the three-person property [23]. As
more and more results have been obtained, for example, the existence of triplewhist tournaments
remains open only for v = 17, the attention has turned to whist tournaments that satisfy more
than one of the above mentioned criteria simultaneously (see, for example, [8,13]).
The general recursive constructions established in this paper can be applied to the other types
of Z-cyclic whist tournaments. Such Z-cyclic whist tournaments include at least Z-cyclic di-
rectedwhist tournaments, Z-cyclic ordered whist tournaments, Z-cyclic whist tournaments with
the three-person property. These constructions can also be applied to Z-cyclic generalized whist
tournaments [4]. It is hoped that Theorems 3.3, 3.6, 4.8 and 4.9 may be applied to produce more
new different types of Z-cyclic whist tournaments and Z-cyclic generalized whist tournaments.
The new Z-cyclic TWh-frames and Z-cyclic triplewhist tournaments constructed in Theo-
rem 5.4 can be employed to generate infinite classes of Z-cyclic TWh-frames and Z-cyclic
G. Ge / Journal of Combinatorial Theory, Series A 114 (2007) 747–760 759triplewhist tournaments using the same approach as that of [32, Theorem 3.7]. To apply the gen-
eral recursive constructions in this paper, we need the existence results concerning (K,v;h1, h2,
. . . , hn;u)-HDF. In particular, it would be interesting to consider the existence problem of a
(5, v;h1, h2)-HDF with odd v.
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